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We investigate the low-energy spectral properties and robustness of the topological phase of color
code, which is a quantum spin model for the aim of fault-tolerant quantum computation, in the
presence of a uniform magnetic field or Ising interactions, using high-order series expansion and
exact diagonalization. In a uniform magnetic field, we find first-order phase transitions in all field
directions. In contrast, our results for the Ising interactions unveil that for strong enough Ising
couplings, the Z2 × Z2 topological phase of color code breaks down to symmetry broken phases by
first- or second-order phase transitions.
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I. INTRODUCTION
Topologically ordered systems are novel phases of mat-
ter which are beyond the Ginzburg-Landau symmetry-
breaking theory of phase transitions1. Unlike conven-
tional phases of matter, topologically ordered states can-
not be distinguished by local order parameters and their
low-energy properties such as ground-state degeneracy
are characterized by non-local degrees of freedom and
the topology of the Riemannian surface on which the
system is embeded2. The concept of topological or-
der was first introduced to describe the physics of frac-
tional quantum Hall effects3 and thereafter in the context
of high-temperature superconductors4–6 and frustrated
magnetism7–10. Aside from its important role in charac-
terizing different states of matter, topological order has a
profound application in quantum computation11. Highly
entangled states12 and anyonic excitations in topolog-
ically ordered systems13,14 are appealing motives for
building a reliable quantum computer by defining non-
local quantum bits on the topological degrees of freedom
to protect the information from local decoherence11,15.
In spite of the fact that the topologically degenerate
ground state of such systems is a suitable playground for
quantum computation, robustness of the topological na-
ture of the system against local perturbations is of crucial
importance. This problem has been extensively studied
for the toric code which is the simplest exactly solvable
model with topological protection11. In the presence of
a magnetic field, the Z2 topologically ordered ground-
state of the toric code breaks down to a polarized phase
by first- or second-order quantum phase transition ac-
cording to the direction of the magnetic field16–22. The
latter belongs to the 3D Ising universality class except
on a special line in parameter space where a more com-
plicated behavior is observed21. Related questions have
been also addressed for frustrated toric codes23 as well
as for ZN extensions of the toric code24.
Another model displaying all essential features for
fault-tolerant quantum computation but a different class
of topological order is the so called topological color code
(TCC)25. Due to the contribution of color in the con-
struction of the code, the topological order in this model
belongs to the Z2 × Z2 gauge symmetry group.
In this paper, we investigate the low-energy physics
and robustness of the TCC, by adding a uniform mag-
netic field hα or ferromagnetic Ising interactions jα with
α = x, y, z to the TCC. Consequently, a large enough per-
turbation will destroy the topological order of the TCC
and the system has to undergo a phase transition. We
find that the TCC in a magnetic field displays a first-
order phase transition between the topological phase and
a polarized high-field phase for all field directions. In
contrast, our results for the TCC plus Ising interactions
unveil, for the first time, a second-order quantum phase
transition between a Z2×Z2 topologically ordered phase
and a Z2 symmetry-broken phase for Ising interactions
(jx, jz) while a first-order transition is found for a pure
interaction jy. The universality is typically 3D Ising
which is shown rigorously for a single Ising interaction
jx or jz via a mapping to the transverse field Ising model
(TFIM) on the dual triangular lattice. Different critical
behavior is found on a multicritical line with jx = jz and
finite jy where critical exponents appear to vary continu-
ously which is very similar to the behavior found for the
toric code in a field21. Interestingly, our results for this
isotropic plane (jx = jz) suggest the existence of a first-
order plane and a gapless phase which is adiabatically
linked to the gapless U(1) symmetry broken XY model
in the limit of large Ising interactions.
In order to compute the phase boundary of the topo-
logical phase, we use perturbative continuous unitary
transformations (pCUTs)26,27 and exact diagonalizations
(ED) on periodic clusters. We compute the ground-state
energy per spin as well as low-energy gaps with pCUT.
Inside the topologically ordered phase, this is done for all
field directions and choices of Ising interactions. In con-
trast, series expansions inside the polarized phase or the
Z2 symmetry-broken phase are set up only for specific
parameter lines of interest.
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2II. TOPOLOGICAL COLOR CODE
Consider a 2D colorable lattice with a set of vertices,
edges, and faces. Each vertex of the lattice is attached
to three links and each link connects two faces (plaque-
ttes) of the same color and share the same color with
the plaquettes. Such a structure is called a 2-colex and
can be visualized by three different colors say red, green,
and blue25,28. Fig. 1 illustrates a piece of a 2-colex on
a honeycomb lattice. One then places spin-1/2 particles
at vertices of the lattice and associate two distinct oper-
ators Xp =
∏
i∈p σ
x
i and Zp =
∏
i∈p σ
z
i to each plaquette
p, where σαi ’s are the usual Pauli operators. The plaque-
tte operators satisfy the relation (Xp)
2 = 1I = (Zp)
2 and
have eigenvalues xp = zp = ±1. The Hamiltonian of the
TCC reads:
HTCC = −J
∑
p∈Λ
(Xp + Zp) , (1)
where the sum runs over all plaquettes p of the lattice
Λ. In the following, we set J = 1 and we consider a hon-
eycomb lattice. All plaquette operators commute with
the Hamiltonian (1) and the model is therefore exactly
solvable25. For a lattice with N plaquettes, the ground-
state energy per spin is ε0 ≡ E0/N = −2 corresponding
to xp = zp = +1 for all p.
Elementary excitations corresponds to −1 eigenvalues
of the Xp and Zp plaquette operators and have the char-
acter of color. On a torus, these X and Z particles are
created in pairs each particle increasing the energy of the
system by 2. Consequently, the ground state is protected
by this energy gap and the system has an equidistant en-
ergy spectrum. The elementary excitations are bosons
by themselves as well as the mixture of two elementary
excitations with the same color. However, excitations of
different type and color have mutual semionic statistics.
In addition, combination of particles of different type and
color create two families of fermions29,30.
The general form of an (unnormalized) ground state
is:
|Ψgs〉 =
∏
p
(1I +Xp)
2
(1I + Zp)
2
|  . . . ↑〉, (2)
where | ↑↑↑ . . . ↑〉 denotes a polarized spin background in
the z-direction. This state is a superposition of strongly
fluctuating closed strings or string-net condensate31. The
ground-state degeneracy depends on the topology of the
surface and for a 2-colex wrapped around a torus with
g = 1, the degeneracy is 1628,32.
III. PERTURBED TCC
We study the model
H = HTCC −
∑
α
hα∑
i
σαi + jα
∑
<ij>
σαi σ
α
j
 , (3)
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FIG. 1. (Color online) TCC on the honeycomb lattice Λ
placed on a torus with genus g = 1. The coding subspace
of the system is spanned by string operators. A blue plaque-
tte p1 is characterized by two red and green closed strings at
its boundary. An open red string (Cγ) creates two X particles
on the surface of the two red plaquettes p2 and p3. For ev-
ery homology class of the torus, there are four global strings
which can be labeled as (C1, . . ., C4). The global strings are
responsible for the topological degeneracy 16 of the ground
state.
where < ij > are nearest neighbor sites of Λ and hα > 0
(jα > 0) denotes the magnetic field (Ising interaction).
We call α = x, z parallel and α = y transverse perturba-
tion.
In the absence of perturbations, the ground state is
Z2 × Z2 topologically ordered. However, for J = 0, the
ground state is disorded (polarized phase) for a pure mag-
netic field while it is ordered for a pure Ising interaction.
The ordered state has a Z2 broken symmetry except for
the isotropic case jx = jz = j with (jy ≤ j): The SU(2)
symmetry is broken for jy = j while the U(1) symmetry
of the XY model is broken for jy < j. Here one finds
long-range order and gapless excitations. Consequently,
a phase transition out of the Z2 × Z2 topologically or-
dered phase has to occur when either a magnetic field or
an Ising interaction is sufficiently strong.
IV. METHODS
A. Perturbative continuous unitary
transformations
Our aim is to study the low-energy spectrum of the
TCC and dynamics of the model in the presence of per-
turbations. To this end, we use the perturbative continu-
ous unitary transformations method which was developed
by Knetter and Uhrig26,27 for many-body Hamiltonians.
The pCUT method computes the perturbative expansion
of the Hamiltonians which can be written in the form
H = Q+
Nmax∑
n=−Nmax
Tn (4)
318 sites 24 sites
FIG. 2. (Color online) Honeycomb clusters with periodic
boundary condition. Closed circles are the physical spins at
the vertices of the lattice and the dashed circles denote the
periodicity at the boundaries of the lattice. The dotted gray
lines further demonstrate the two site unit cells which span
the lattice.
provided that: i) The unperturbed part of the Hamilto-
nian, Q, has a simple and equidistant spectrum bounded
from below and ii) the perturbed part of the Hamiltonian
can be recast in terms of Tn operators where increment
(decrement, if n < 0) the number of excitations (quasi-
particles) by n such that [Q,Tn] = nTn. The pCUT
method then maps the initial Hamiltonian to an effective
one which conserves the number of quasiparticles and is
expressed as follows:
Heff = Q+
∞∑
k=1
xk
∑
m=0
C(m1 . . .mk)Tm1 . . . Tmk , (5)
where the first sum runs over the order of perturbation, k,
and the second one runs over all possible permutations of
{m1,m2, . . . ,mk} with mi ∈ {−Nmax, . . . , Nmax} which
satisfy the condition m =
∑
imi = 0. The coefficients
C(m1 . . .mk) are computed as exact rational numbers in
different orders of perturbation27. The Tm operators in
order k are responsible for the dispersions and fluctua-
tions of the particles on the lattice. Note that the pCUT
method provides the results which are exact up to the
computed order of perturbation in the thermodynamic
limits.
B. Exact diagonalization
As the second approach, we use the finite-size exact
diagonalization method to calculate the energy spectrum
of the system. We use the z-Pauli spin vector space and
bit representation to generate the matrix elements of the
Hamiltonian and extract the low-lying energy spectrum,
using the Lanczos algorithm. The numerical diagonal-
ization is performed on L×M honeycomb clusters with
L (M) being the number of two-site unit cells along the
height (width) of the honeycomb clusters (see Fig. 2).
Imposing periodic boundary conditions at the boundaries
of the clusters, we performed the ED on a 3×3 (18 sites)
and a 3× 4 (24 sites) clusters.
p'
p
FIG. 3. (Color online) TCC on the dual triangular lattice.
The colored vertices represent the plaquettes of the same color
on the original honeycomb lattice. A single parallel Ising per-
turbation is mapped to three Ising interaction on the nearest-
neighbor sites p, p′ of the colored triangular sublattices formed
by connecting the vertices of the same color.
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FIG. 4. (Color online) Phase diagram of the TCC per-
turbed by parallel perturbations (jx, jz) or (hx, hz) setting
J = 1. The boundaries of the yellow region correspond to
second-order phase transitions of the TCC in the presence
of Ising interactions (jx, jz) obtained from the 1-QP gap in
the small-coupling limit. The circles are the corresponding
phase boundaries obtained by ED on a 18- and 24-sites pe-
riodic clusters. The red dashed line and squares represent
first-order phase transitions calculated by ED on periodic 18
and 24-site clusters. The red diamonds on the axis and on
the isotropic line (hx = hz) are the corresponding first-order
points obtained by pCUT33. The inset further shows how the
increase in system size sharpens the resonances of the −∂2j ε0
for jx = jz = j in ED calculations.
V. PARALLEL PERTURBATIONS
We start with the simplest case of a single parallel per-
turbation hx or jx (the case hz or jz is identical up to
an interchange of X and Z particles). The Xp plaquette
operators remain conserved quantities, i.e. the Hilbert
space decouples into subspaces having fixed configura-
tions of xp eigenvalues. The low-energy physics is always
contained in the sector where xp = +1 for all p
33.
The TCC in a single field hx can be mapped to the
Baxter-Wu model34 in transverse magnetic field by a du-
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FIG. 5. (Color online) Transition point jc (a) and the
critical exponent zν (b) of the triangular TFIM extrapo-
lated obtained from DlogPade´ approximants as a function
of the order r of the series for J = 1. Here L is given by
L =[r − (rmod2)]/2. The literature values jc = 0.209 and
zν = 0.63035,36 are highlighted by dashed lines.
ality transformation. The first-order phase transition be-
tween the topologically ordered phase and the polarized
phase is located at hcx ≈ 0.38333.
An analog duality mapping exists for the TCC plus jx
Ising interaction. One introduces pseudo-spin 1/2 opera-
tors ταp with α = x, y, z living on the dual triangular lat-
tice of plaquettes. Apart from an unimportant constant
due to the xp eigenvalues, the energetics of the TCC is
mapped to an effective field term,
HdualTCC = −NJ − J
∑
p
τzp (6)
where the sum runs over the vertices of the dual triangu-
lar lattice. A single σxi flips the zp eigenvalue of all three
plaquettes p which contain the site i33. The Ising inter-
action jx then gives rise to an effective Ising interaction,
HmapTCC = −NJ − J
∑
p
τzp − jx
∑
c
∑
〈p,p′〉c
τxp τ
x
p′ (7)
where the inner sum runs over the nearest-neighbor ver-
tices (plaquettes) of the same color c being red, green,
and blue on the triangular (honeycomb) lattice (see
Fig. 3). One obtains three independent TFIMs on
the dual triangular lattice of plaquettes with the same
color. The triangular TFIM displays a second-order
phase transition. Consequently, we can establish rigor-
ously a quantum phase transition in the 3D Ising uni-
versality class between a Z2 × Z2 topologically ordered
phase and a Z2 symmetry-broken phase which takes place
at jcx ≈ 0.20935, i.e. all critical exponents correspond to
an 3D Ising transition. Physically, the quantum phase
transition corresponds to a condensation of Z particles
which gain kinetic energy due to the presence of jx. Us-
ing high-order series expansions, we calculated the 1-QP
gap of the system and we recovered the results of Ref. 35.
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FIG. 6. (Color online) Transition point jc (J = 1) and
critical exponent zν of the TCC at the multicritical point
(jx = jz, jy = 0) extracted from the DlogPade´ approximants
[L,L], [L + 1, L] and [L,L − 1] with L =[r − (rmod2)]/2 of
the one-particle gap ∆ obtained by pCUT.
The TCC in a general parallel magnetic field (hx,hz)
yields a rectangular shape of the topological phase
boundary (see Fig. 4). The transition is first order for
all field directions which is detected by a jump of ∂hε0.
We used ED for a general field direction (hx, hz) which
shows only little finite-size effects for a first-order phase
transition. Additionally, we have performed pCUT about
both limits for the case hx = hz giving a first-order phase
transition at hx = hz ≈ 0.42. The remaining (small) dif-
ferences between pCUT and ED data on the axis as well
as for hx = hz are due to finite-size effects which become
smaller for increasing system size.
The physics is different for the case (jx,jz). We cal-
culated ε0 as well as the 1-QP dispersion ω(k) and the
1-QP gap ∆ = ω(k = 0) using pCUT. The gap is given by
the Z particle (X particle) for jz < jx (jz > jx). Both
gaps are degenerate for jx = jz. The gap behaves as
∆ ∼ (j − jc)zν in the vicinity of the quantum critical
point jc where z is the dynamical critical exponent and
ν is the correlation length exponent. Setting jx = 0 (or
jz = 0), we recover the results obtained in Ref. 35 for the
triangular TFIM. Using DlogPade´ approximants, we ob-
tain zν ≈ 0.65 which is fully consistent with the expected
3D Ising exponents ν ≈ 0.6336 and z = 1 (see Fig. 5).
When both Ising interactions jx and jz are finite, the
analysis of the 1-QP gap predicts two critical lines which
connect to the Ising critical points on the jx (jz) axis
and intersect at the point jx = jz ≈ 0.22. Along the
critical lines, the critical exponent zν stays close to the
3D Ising exponent except at the multicritical point where
one finds zν ≈ 0.7 (see Fig 6). Keeping in mind the exact
duality to the TFIM on the triangular lattice for jx = 0
(jz = 0), one therefore expects a 3D Ising universality
class for all cases except jx = jz. Here the different
critical behavior is likely a consequence of the fact that
the semionic X and Z particles condense simultaneously
for jx = jz. Interestingly, a very similar criticality is
5x z x z
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FIG. 7. (Color online) (a) A two-particle bound state with
even particle number parity. The two bounded particles hop
to the neighboring blue plaquette in order two perturbation
theory. (b) A three-particle bound state with odd parity on
the plaquettes. The three bounded X-type QPs turn together
into Z-type particles (or vice verse) in odd orders of pertur-
bation.
found for the toric code in a parallel magnetic field21.
Our findings for the parallel Ising interactions jx and
jz are also consistent with our ED data. As expected,
finite-size effects are larger compared to the first-order
phase transitions discussed above for parallel magnetic
fields. Furthermore, the second derivative of the ground-
state energy ε0 displays a characteristic resonance, which
sharpens with increasing system size, for Ising interac-
tions consistent with the critical lines deduced by series
expansion (see inset in Fig. 4).
Outside the topological phase, the ground state of the
system is Z2 symmetry-broken except for jx = jz where
the perturbation is the XY model. Our ED results un-
veil that the system undergoes a first-order transition
between both Z2 symmetry-broken phases when crossing
the line jx = jz up to the limit J = 0.
VI. TRANSVERSE PERTURBATIONS
For a pure transverse perturbation, Xp and Zp pla-
quette operators are no longer conserved quantities. The
operator σyi anticommutes with both Xp and Zp on the
three plaquettes containing the site i and flips the eigen-
values of the plaquette operators, simultaneously.
The pCUT maps the model to a quasiparticle conserv-
ing effective Hamiltonian, allowing to investigate the low-
energy properties of the system and the dynamics of QPs.
The effective Hamiltonian not only conserves the number
of QPs, but, more interestingly, Heff also conserves the
parity of the number of quasiparticles on the surface of
the plaquettes. The combined effect of quasiparticle and
parity conservation has important consequences on the
properties of QPs inside the topological phase, e.g. a sin-
gle Z or X QP is strictly local since all plaquettes except
one have an even (zero) number of QPs and therefore any
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FIG. 8. (Color online) The ground-state energy per spin ε0 of
the TCC plus transverse perturbations jy or hy as a function
of θ in units of pi/2 setting J = cos θ and jy, hy = sin θ.
The discontinuities in ε0 signal first-order phase transitions at
θjc ≈ 0.62 for jy and at θhc ≈ 0.84 for hy (indicated by vertical
dashed lines).
hopping of the QP violates the parity conservation.
Furthermore, one finds bound states due to the attrac-
tive interaction between X and Z particles induced by
the transverse perturbations. Indeed, the elementary ex-
citation having a true two-dimensional dispersion is the
composite 2QP object having one X and one Z particle
on the same plaquette. The parity conservation forces
the two QPs to stay attached to each other and move to-
gether on the dual triangular lattice of plaquettes having
the same color. An example of a two bounded quasiparti-
cles is illustrated in Fig. 7-(a). In the pCUT language, a
quasi-particle conserving process such as T−2T2 in order
two perturbation theory is responsible for the hopping of
bounded QPs from the left blue plaquette to the right
blue one.
In a similar manner, three bounded particles on the
surface of the three neighboring plaquettes such as the
one shown in Fig. 7-(b) stays local due to the odd par-
ity of the plaquettes. However, the action of a T0 pro-
cess corresponding to first order perturbation theory can
transform the X and Z QPs to each other.
In the following, we continue our discussion by focusing
on the high-field (large-coupling) limit of the problem.
The ground state of the system in J = 0 limit corre-
sponds to fully polarized states in ±y-direction. Con-
sequently, one can look at the limit J 6= 0 by setting
up a perturbative picture. Noting that σz = iσyσx, the
Hamiltonian of TCC in transverse perturbation can be
recast into:
H = −hy
∑
i
σyi −jy
∑
<ij>
σyi σ
y
j −J
∑
p
Xp(1−Yp) , (8)
As we can clearly see from the right term of the above
Hamiltonian, the polarized ground state of the system in
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FIG. 9. (Color online) Low- and high-field gap ∆ of the
TCC in transverse magnetic field as a function of θ such that
J = cos θ and hy = sin θ. Solid lines correspond to the bare
series of maximum order 8, 10, and 9 for 1-, 2- and 3-QP
low-field gaps, respectively and order 16 for high-field 1-QP
gap. The symbols also denote different Pade´ approximants.
The vertical gray dashed line represents the transition point
obtained by analyzing ground-state energies (see Fig. 8).
J = 0 limit is the simultaneous eigenstate of the Yp pla-
quette operator with eigenvalue +1 and as a result the
action of the pure TCC on the polarized ground states
is zero. More precisely, the 0-QP state is an exact eigen-
state of the full Hamiltonian (8) and the Hamiltonian is
diagonal in this eigenbasis. The ground-state energy of
the system in the large-coupling phase is therefore −Nhy
(−(3/2)Njy) where N is the number of sites on the hon-
eycomb lattice.
We computed ε0 for the small-coupling limit inside the
topological phase for both transverse perturbations hy
and jy using pCUT. Additionally, we have performed
ED on a periodic honeycomb cluster with 18 and 24-
sites. Our results reveal first-order phase transitions for
both transverse perturbations taking place at hcy ≈ 0.74
and jcy ≈ 0.58 (see Fig. 8). Physically, this is reasonable
keeping in mind that the exactly known ground state at
large couplings contains no quantum fluctuations.
We have further computed the dispersion and the 1-
, 2- and 3-QP gaps of the system up to high orders in
the expansion parameter hy. Let us stress that the 2-QP
and 3-QP gaps are computed for the situations identical
to those of Figs. 7-(a) and (b), respectively. Interestingly,
the results from the low- and high-field gaps are also con-
sistent with first-order transition (see Fig. 9). The 1- and
3-QP low-field gaps are well converged and their intersec-
tion with high-field gap occurs at a value very close to
that of the intersection of the ground-state energy per
site, while due to its alternating signs, the 2-QP low-field
gap has a relatively poor convergence and its crossing
point deviates from θc.
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FIG. 10. (Color online) Phase diagram of the TCC plus Ising
interactions (j, jy) with j ≡ jx = jz and J = 1. Solid lines are
obtained by pCUTs while red and green symbols correspond
to ED data of periodic 18- and 24-site clusters, respectively.
The blue diamond represents the transition point obtained by
pCUT for (0, jy). The yellow region illustrates the topolog-
ically ordered phase while the cyan/gray shaded area repre-
sents a plane of first-order phase transitions. Inset: Critical
exponent zν as a functions of jy obtained from different Dlog-
Pade´ extrapolants [L,M ] of the 1-QP gap.
VII. ISOTROPIC PLANE (jx = jz)
Let us merge our results for the parallel and transverse
Ising perturbation by considerung the parameter plane
(j, jy) with j ≡ jx = jz. This plane is of particular
interest, since i) excitation energies of X and Z particles
are exactly degenerate and ii) the model exhibits gapless
phases for j ≤ jy in the large-coupling limit J = 0.
Combining pCUT results in the topological phase and
ED, we obtain the phase diagram shown in Fig. 10. Let
us stress that, although critical properties are clearly in-
fluenced by finite-size effects, we expect that first-order
phase transitions are almost converged on the finite clus-
ter ( as already found for the parallel and transverse per-
turbations discussed above).
The topologically ordered phase is bounded by one
first-order line and one second-order line. The first-
order line is almost straight starting at (0, jcy) and end-
ing at ≈ (0.22, jcy) where it meets the second-order line
which is adiabatically connected to the multicritical point
≈ (0.22, 0). Interestingly, DlogPade´ extrapolants of the
1-QP gap indicate the critical exponent zν to vary con-
tinuously between 0.7 and ≈ 1 on this multi-critical line
which is in striking similarity to the phase diagram of
the toric code in a field21. Although the convergence is
still poor for this perturbative order and finite-size effects
in ED are still significant, our results suggest that the
semionic statistics is essential to understand the quan-
tum criticality in both models.
In contrast, the physics is clearly different to the per-
turbed toric code outside the topological phase. Here we
7find a plane of first-order transitions, i.e. when going at
a finite angle through any point of the grey shaded area
displayed in Fig. 10 one finds a first-order transition. The
upper end of this first-order plane is then a critical line
separating the gapped Z2 broken phase at larger Ising
interaction jy from the first-order plane. We expect that
this end line approaches the isotropic line j = jy in the
limit of infinite Ising interactions. Let us recall that for
J = 0, one has a second-order transition at the SU(2)
symmetric Heisenberg point j = jy when approaching
from the Z2 broken phase at j < jy. Finally, we point
out that the ED detects no further phase transitions in-
side the grey-shaded region. The latter suggests that
the multicritical line separates the topologically ordered
phase at small couplings from a long-range ordered gap-
less phase adiabatically connected to the large-coupling
limit which is certainly a very interestering scenario.
In the case where all of the Ising interactions are equal
(j ≡ jx = jy = jz), the perturbation corresponds to
the isotropic Heisenberg model. At very large couplings
(j  0), the ground state of the system has a long-
range ferromagnetic order and the low-lying excitations
are gapless magnons with broken SU(2) symmetry. The
system therefore undergoes a quantum phase transition
between the topological phase and the symmetry-broken
phase. Closure of the 1-QP gap from the small-coupling
limit of the problem signals a second-order transition at
jc ≈ 0.25 (see Fig. 11). Additionally, the ED analysis on
honeycomb periodic clusters with 18 and 24 sites further
reveals that the ground state susceptibility, derived by
the Hellman-Feynman theorem: (χ = −∂2j ε0), gives rise
to a resonance at jc ≈ 0.26 which is in full agreement with
the closure of the gap and a second-order phase transi-
tion (see upper inset of Fig. 11). This second-order point
further merges into a first-order line which lies inside the
isotropic plane and continues up to the limit J = 0 (see
lower inset of Fig. 11).
VIII. CONCLUSIONS
We studied topological phase transitions of the TCC in
the presence of a uniform magnetic field or Ising interac-
tions on a honeycomb lattice. For the TCC in a uniform
magnetic field we find first-order transitions to a polar-
ized phase for all field directions. In the presence of a
single parallel field, the system is mapped to the Baxter-
Wu model in transverse field and undergoes a first-order
transition at hcx ≈ 0.38333. When the two parallel fields
are turned on, the phase diagram of the model has a
rectangular shape in which the phase boundaries origi-
nate from the Baxter-Wu limit on the axis and merge
into a transition point at hx = hz ≈ 0.42 on the isotropic
line.
In contrast, the TCC in single parallel Ising interaction
is mapped to the transverse field Ising model on the trian-
gular lattice which undergoes a second-order phase tran-
sition between the Z2 × Z2 topologically ordered phase
j c
0.2
0.3
0.4
0.5
0.6
j
0.2 0.3 0.4 0.5 0.6
-∂ j
2  ε
0
0
2
4
6
8
j
0 0.2 0.4 0.6 0.8 1
ED 18-Sites
ED 24-Sites
∆
0
0.5
1
1.5
2
2.5
j
0 0.05 0.1 0.15 0.2 0.25 0.3
Dlog [1,3]
Dlog [2,2]
Dlog [3,1]
FIG. 11. (Color online) The 1-QP gap of the perturbed TCC
on the isotropic line (j ≡ jx = jy = jz) for different DlogPade´
approximants. Here we have set J = 1. The upper inset
depicts −∂2j ε0 obtained from ED for periodic clusters with 18
and 24 sites. The critical point highlighted by gray dashed
line is consistent with the closure of the gap at jc ≈ 0.25.
The lower inset displays the first-order transition points on
the isotropic line which merge into the second-order point
obtained by the closure of the gap.
of the TCC and conventional symmetry-broken phase of
the Ising model at jx ≈ 0.209 in the 3D Ising universality
class. When the two parallel Ising interactions are nonva-
nishing, the phase boundaries are two second-order lines
which start from the Ising limit and merge into a multi-
critical point at jx = jz = 0.22. The zν critical exponent
of the system stays close to the Ising value and starts to
grow near the multicritical point until it reaches ≈ 0.7 at
jx = jz. Outside the topological phase, the ground state
of the system is Z2 symmetry-broken except for jx = jz
where the perturbation is the XY model. This limit of
the problem becomes very interesting when we turn on
the transverse perturbation. The first order line outside
the topological phase becomes a first order plane and the
critical exponent zν starts to vary continuously between
0.7 and ≈ 1 which is similar to the behavior of the toric
code in a field21.
The topological phase of the TCC breaks down to a
polarized phase in pure traverse magnetic field and Ising
perturbation at hcy ≈ 0.74 and jcy ≈ 0.58. In this limit,
neither of the X and Z plaquette operators are conserved
quantities. Consequently the system exhibit interesting
characteristics such as the conservation of the parity of
the number of particles on the plaquettes and formation
of bounded quasiparticles. Moreover, the polarized phase
is the exact eigenstate of the perturbed TCC in trans-
verse perturbations.
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9Appendix A: Series expansion of the perturbed TCC with Ising interaction
Here we present the series expansions of ground-state energy per site, ε0, and the one-particle gap, ∆ = ω(k = 0),
of the system obtained from pCUT for the small-coupling limit of the perturbed TCC with Ising interaction. The
gap ∆ given below is for one Z quasi particle which is the true gap of the system for jx ≥ jz. For jz > jx, the true
gap is the one of X quasi particles which can be obtained from ∆ by interchanging jx and jz. Note that we have set
J = 1/2 for both series:
ε0 = −1
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− 3
8
(j2x + j
2
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Appendix B: Series expansion of the TCC in parallel magnetic field
Ground-state energy per site εlf0 and 1-QP gap ∆
lf of the TCC in parallel magnetic field in the low-field limit for
J = 1/2:
εlf0 = −
1
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Ground-state energy per site εhf0 and 1-QP gap ∆
hf of the TCC in parallel magnetic field in the high-field limit and
on the isotropic line (hx = hz = h) for h = 1/2:
εhf0 = −
1
2
− 1
8
J − 173
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J2 +
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J3 − 58717
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J4 +
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J5 .
∆hf = 1− 3
4
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Appendix C: Series expansion of the TCC in transverse magnetic field
Ground-state energy per site εlf0 and 1-, 2- and 3-QP gap of the TCC in transverse magnetic field in the low-field
limit for J = 1/2 (see also Fig. 7):
εlf0 = −
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Ground-state energy per site εhf0 and 1-QP gap ∆
hf of the TCC in transverse magnetic field in the high-field limit
for hy = 1/2:
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1
2
.
∆hf = 1− 3J2 + 3
4
J4 − 15
32
J6 +
231
512
J8 − 4227
8192
J10 +
81879
131072
J12 − 1627899
2097152
J14 +
33064431
33554432
J16 .
